Abstract-Through the notion of enriched species, we develop a bijective calculus set-theoretic counterpart of the theory of binomial enumeration.
INTRODUCTION
The purpose of the present work is to initiate the systematic translation into bijective language of the umbral calculus developed by Rota and other authors in several papers (l-41. Our starting point is the notion of polynomials of binomial type, for which we propose a bijective interpretation in terms of enriched species. Enriched species may be viewed as a bijective analog of Mullin and Rota's [2] reluctant functions. We show that enriched species [5, 6] satisfy a functional equation which is the bijective version of the binomial identity, and we propose a set-theoretic notion of shift invariant operators. Our definition of a unital shift-invariant operator is, among the new definitions we propose, the novelty of this work.
We next proceed to single out a bijective analog of the classical notion of a delta operator, and we prove a bijective version of the relation between delta operators and enriched species. This leads us to give a new definition of a bijective operation among enriched species that reflects the classical notion of umbra1 composition of polynomial sequences of binomial type. We prove bijective analogs of the known facts on umbra1 composition of polynomial sequences of binomial type 1731.
Throughout this work, we make use of the construction of additive, multiplicative, and compositional inverses of Joyal species [9, 10] , as developed by Mdndez and Yang [ll] and as simplified by Venezia in a previous paper [ 121.
Research supported by MUFtST and CNR. EXAMPLE 2.5. THE SPECIES X". Let k > 1. The species Xk is
where the sum ranges over all k-compositions El + Ez + . . . + Ek = E of E such that lEi[ = 1
is the set of the ordered k-partitions of E together with an X-structure on each block. Therefore, there are no Xk-structures on E unless (El = k, and, in this case, the structures are ordered partitions of E in k blocks. Now, we define the species Lk by setting
We have
and so L=l+X+Xs+... .
The species of the previous examples act in an obvious way on the morphisms. Let 2 be a set of colors (or labels) and let M be a Joyal species. A polynomial species P is a subfunctor of the functor Pal(M) : B -+ Ens, where
A is a subset of E}.
The polynomial species are the objects of a category whose morphisms are all natural equivalences r : P -+ Q, such that for any component we have 7E(s, f) = (t, f). We write P = Q when P and Q are naturally equivalent in this category. The combinatorial operations among polynomial species are defined as follows. The sum P + Q is the polynomial species defined by (P + &WI = WI + QPI,
where + denotes the disjoint set union. The product P . Q is defined as
where the sum ranges over all compositions El + Ez = E. The polynomial species are a generalization of Joyal species.
In the following, we shall say that a subset A of the set E is h-saturated by a partition 7r =
{B)BE,
of E, if A is union of h blocks of w; that is, there exists a subset 77~ of 7r with h elements which is a partition of A.
Recall that an assembly of N-structures or N-assembly of E is a family a = {s~}Ben~~~(~) obtained by the following steps:
for every block B of part (a).
For instance, a permutation is an assembly of cyclic permutation, and a forest is an assembly of trees.
Let X be a finite subset of 2. A polynomial species Px is said to be enriched when PX verifies the following conditions: (i) if (a,f) E Px[El, th en a is an assembly of No-structures on E, and f is a function such that the range A is empty or h-saturated by part (a); (ii) the function f assigns the same color to every element of the same block of part (a); in other words, f takes constant value on blocks of part (a) contained in A;
Roughly speaking, an enriched species puts a finite set E to a set of N-assembly on E with some blocks labeled. EXAMPLE 2.6. THE POWER SYMMETRIC SPECIES. Let X be the Singleton species. The power symmetric species is defined by
: f is a function from E to X} .
The sequence of polynomials associated to the power symmetric species is
In fact, the only X-assembly on the set E is {E}; i.e., the cardinality of every block of the partition defined by the assembly is 1.
EXAMPLE 2.7. THE SYMMETRIC SPECIES OF DISPOSITIONS. Let C be the Joyal species of cyclic permutations. The symmetric species of dispositions is defined by
where part (0) is the partition induced by the permutation u on E. The sequence associated to the symmetric species of dispositions is where xcn) = CkCo .,,n Is(n, k)lz" is the upper factorial. The sequence of polynomials associated to the L-enriched species is where {Ln(xC)l = Ck=l,...,n Wk!(~I:)z".
The enriched species of the examples are all of binomial type. We shall describe an example of enriched species not of binomial type in the next section.
SET-THEORETIC SHIFT INVARIANT OPERATORS
We recall that the shijl-operator Ea shifts each polynomial a unit to the left; that is, Eap(z)) = p(a: + a). An operator which commutes with the shift-operator (i.e., TEa = EaT) is called a shift-invariant operator. A delta operator Q is a shift-invariant operator for which Q(Z) is a nonzero constant.
The Delta operators possess many of the properties of the derivative operator D, and therefore, we start to define the set-theoretic analogous of the derivative operator.
The derivative operator D on enriched species is defined by setting where D (p,(z) ) is the derivative of pn(x).
EXAMPLE 3.1. THE DERIVATIVE OF THE POWER SYMMETRIC SPECIES. The enriched species (Enr(X))' turns out to be
e E E and f : E -{e} + X} .
Obviously, the nth term of the polynomial sequence of (Enr(X))' is
We stress the fact that the species (Enr(X))' is not of binomial type.
The k-derivative operator is
Formally, the elements of Dk(Px) [E] are obtained by the following steps.
(i) Take an element (a,f) in Px [E] , such that the range A of f is not empty and a = ~~~~~~~~~~~~~ is an assembly of No-structures, and the range A of f is h-saturated by part (a); i.e., A = I31 U . . . U Bh.
(ii) Take a subset C of {Br, Bz, . . . , Bh}, and a structure Jc E X" [C] .
Define the assembly a' = {t~r}~r E part (a') as follows:
(iv) Define the function fc : (A -UBECB) -+ X by setting fc(e) = f(e).
The pairs (a', fc) defined by Steps (i)-( iv are all the elements of D"(Px[E]).
Of course, in )
Step (ii) for k = 1, we obtain the definition of derivative operator D.
A natural generalization of the definition of k-derivative operator gives the shift-invariant operator on enriched species. Let M be a Joyal species. We denote by T~I the shift-invariant operator on enriched species defined by the following steps. The shift-invariant operator TM, set-theoretic analogous of the shift-invariant operator on the vector space of polynomials
PROOF. The polynomial sequence of T(Enr(X)) is {T(z?)}~~N, and hence,
Therefore, we have ck,O = I M[k] I. I
EXAMPLE 3.2. THE SET-THEORETIC SHIFT OPERATOR. Letting U be the uniform species, we define the set-theoretic shift-operator E as follows:
Note that, when {pn(x)} is the polynomial sequence of Px, the polynomial sequence of the enriched species E(Px) is {E(p,(z))} = {pn+r(~)}, w h ere E is the shift-operator on the vector space of all polynomials in the variable 2. So, as expected, the shift-operator T on the vector space of polynomials associated to the set-theoretic operator TM commutes with the shift-operators Ea.
MiiBIUS SPECIES
Let Int be the category whose objects are the finite families of finite posets with 0 and 1 (including the empty). The morphisms are bijective functions f : A + B such that f(l) is isomorphic to I, for every poset I of A. The Miibius cardinality of an object A of Int is defined as follows: The sequence of integers associated to the species L is
The M6bius species of the previous examples act in an obvious way on the morphisms.
Operations
We introduce set-theoretic operations on M6bius species. To this end, in the category Int, we define the product × by setting
A×B={I®J:IEA, JEB},
where A and B are objects of Int and ® is the direct product of posets. The product of morphisms is the standard product.
The sum M + N of the MSbius species M and N is the M6bius species (M + N)[E] = M[E] + N[E],
where + denotes the disjoint set union. Note that the sequence of integers associated to the species
is the sum of the sequences associated to the species M and N. A MSbius species M is said to be without constant term if M[O] = {~}. In the following, we will denote by Mo the MSbius species without constant term obtained by setting:
M0[0] = {0} and MolE] = M[E],
otherwise.
A family {M.~}ici of MSbius species almost all without constant term is said to be summable if the set I(E) = {i c I:
is finite for every E # 0. The sum ~ieI Mi of the family {Mi} is the MSbius species defined as follows:
/ \ where ~ denotes the disjoint set union.
We recall that a composition of a nonempty set E into k blocks is a k-tuple (El, Ea, . . . , Ek) such that (i) E = El U EZ U . . . U &, and (ii) Ei n Ej = 8, for i # j.
In the following, we shall denote a composition of E by El + E2 + . -. + Ek = E. [F] is an order isomorphism, for every bijection u : Moreover, we denote by MI the following Mobius species:
We said that the Mobius species M has compositional inverse when
M<(M) =X,;
in other words, the substitution of the Mobius species A61 and M is the Mobius species X&I.
We can therefore set We define an A-refinement relation as follows. Letting a, a' be rooted forests of E, we say a 5 a' if part(u) < part (a'); moreover, if (r, t) is the rooted tree of a' on B E part(u) and (rr,tl), . . . , (rh,th) are the rooted trees of a with nodes in B, thus r = (ri, tj) is a subtree of t (j = 1,. . . , II), and every edge of t is an edge of tj or joins two roots. It turns out that XA = A< (A). Thus, [O,u] : a is a rooted forest with part (u) = 1) ,
A(-')[E] = {
[13]).
BIJECTIVE BINOMIAL ENUMERATION
In the theory of binomial enumeration, every polynomial sequence of binomial type corresponds to a delta operator and conversely. Analogously, in our set-theoretic setting, every enriched species of binomial type corresponds to a delta operator on enriched species.
Let 2 be a set of colors (or labels) and let M be a Mobius species. A Miibius polynomial species P is a subfunctor of the functor Pal(M) : I3 + Int x Ens, where
The Mobius polynomial species are the objects of a category whose morphisms are all natural equivalences T : P --f Q, such that for any component
we have TE(~, f) = (I', f) and the posets I and I' are isomorphic.
/
We write P = Q when P and Q are naturally equivalent in this category. The combinatorial operations among Mobius polynomial species are defined as follows. The sum P + Q is the Mobius polynomial species defined by (P + Q) [El = PIEI + QPI. The shiftinvariant operator Q on the vector space on all polynomials associated to Qhlc-l, is the delta operator whose basic sequence is the polynomial sequence of Enr( M). Similarly, the shift-invariant operator associated to Qhl is the delta operator whose basic sequence is the polynomial sequence associated to Enr(M-l)).
PROOF. Let {P~(z)},~N
be the polynomial sequence of Enr(M). It is sufficient to prove that np,_l(z) is the n th term of the polynomial sequence of QM(-l) (Enr(M)).
To this end, we note that an element (a @ J,, f7) of Qfi,c-l, (Enr(M)) [E] consists of the following data:
(ii) a subset T of part (a), The operator associated to A is the difference operator whose basic sequence is the polynomial sequence associated to the species Enr(Ui-l)); i.e., {(z),},EN. THE ABEL OPERATOR. The set-theoretic Abel operator is QA-l = A. The operator associated to A is the Abel operator whose basic sequence is the polynomial sequence associated to the species Enr(A), that is, the Abel polynomials {x(x -n)n-l},~~.
Note that, despite the polynomial operators identity A = DE, it is impossible to hold the identity A = Txu between the analogous set-theoretic operators. Nevertheless, it turns out to be IIA(P)[vL]II = /lTxr_~(P)(n](l; that is, the species A(P) and Txu(P) are equipotent. A set-theoretic shift-invariant operator QM is said to be delta if there exists a Mijbius species N such that M(N) E X = N(M). The derivative operator, the difference operator, and the Abel operator, defined in the examples, are set-theoretic delta operators.
PROPOSITION 5.2. If QmI is a set-theoretic delta operator, the operator Q associated to QM is the delta operator whose basic sequence is defined by the enriched species of binomial type Enr(N). Now, let us begin the bijective proofs of some polynomial identities; this requires the definition of the set-theoretic umbra1 operator that we give below. When M is a Mijbius species, we define the set-theoretic umbra1 operator U,r on the enriched species of binomial type as follows:
Note that if X is the Singleton species, we have U&f (Enr(X)) = Enr(M(X)) = Enr(M).
The set-theoretic umbra1 operator UA,~ determines an umbra1 operator [n]ll = (I) kn-k(-l)n-k, where (;) k"-" is the number of forests of k bushes.
